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COMPAS (Northpointe):

Recidivism risk assessment 

tool used in a county in 

Florida

Figure credit: ProPublica, Larson et al., 2016

Incompatibility between Definitions of Fairness
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0

BBBBBBBBBBBB@

prior arrests
prior sentences

age
drug history

race
age at first arrest
education history
vocation history

gender

1

CCCCCCCCCCCCA
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Risk score:
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C(x) 2 (0, 1)
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Risk score:
- Risk score ~ likelihood of defendant to recidivate
- Inputs have (noisy) true label: 0 (not recidivate) / 1 (will recidivate)
- The risk score + thresholding: 0 (low risk) / 1 (high risk)
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ProPublica criticism:


Source: ProPublica, Larson et al., 2016 4

- Black defendants more likely than white to be incorrectly labeled “high risk”
- White defendants more likely than black to be incorrectly labeled “low risk”

Bias: Disparate FPR/FNR across groups!
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Northpointes’ defense:

Defendants labeled as “high risk” equally likely to recidivate, 
regardless of race


- The COMPAS tool           is statistically calibrated by group 
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No Bias: Equal treatment!
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Fundamental incompatibility between different notions of 
fairness:

- True label: 

- Group membership: 

- Probabilistic classifier:                   or binary classifier:

- Base rate: 

- Difference of base rates: 
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Theorem (Chouldechova’17, Kleinberg, Mullainathan, Raghavan’16): 
Statistical calibration and Equalized FPR/FNR cannot hold simultaneously 
unless                 (             ) or            (perfect prediction).�BR = 0
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Fairness vs Utility
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Statistical parity (demographic parity): 


The prediction given by an algorithm shouldn’t take the sensitive 
attribute  into account


- College admission: affirmative action

- Movie recommendation

- …
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- Movie recommendation

- …
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How to achieve statistical parity while preserving utility?



Fairness vs Utility
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Statistical parity (demographic parity): 


So it suffices if we could learn invariant representations  that is 
independent of , then any predictor  upon  should be 
independent of  as well
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Data Decisions and Theoretical Implications when Adversarially Learning Fair Representations, Beutel et al. FAT/ML 2017

min
h,g

max
h0

"Y (h � g)� � · "A(h0 � g)
<latexit sha1_base64="H7AIbK02U3FAf7C5qWraog0x3TI="></latexit>
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Minimax optimization formulation:


In practice, the loss function         is often chosen as the cross-
entropy loss


min
h,g

max
h0

"Y (h � g)� � · "A(h0 � g)
<latexit sha1_base64="H7AIbK02U3FAf7C5qWraog0x3TI="></latexit>

"(·)
<latexit sha1_base64="wfsbkGw1gQKWQRqM70WBZfagMxQ="></latexit>



Fairness vs Utility

13

Minimax optimization formulation:


In practice, the loss function         is often chosen as the cross-
entropy loss


min
h,g

max
h0

"Y (h � g)� � · "A(h0 � g)
<latexit sha1_base64="H7AIbK02U3FAf7C5qWraog0x3TI="></latexit>

"(·)
<latexit sha1_base64="wfsbkGw1gQKWQRqM70WBZfagMxQ="></latexit>

- Shared representations 
Z = g(X)
<latexit sha1_base64="WNAGlKi5mgG9wH/AS5ntWVjo4lI="></latexit>



Fairness vs Utility

13

Minimax optimization formulation:


In practice, the loss function         is often chosen as the cross-
entropy loss


min
h,g

max
h0

"Y (h � g)� � · "A(h0 � g)
<latexit sha1_base64="H7AIbK02U3FAf7C5qWraog0x3TI="></latexit>

"(·)
<latexit sha1_base64="wfsbkGw1gQKWQRqM70WBZfagMxQ="></latexit>

- Shared representations 
Z = g(X)
<latexit sha1_base64="WNAGlKi5mgG9wH/AS5ntWVjo4lI="></latexit>

- For any fixed , the optimal  is given by the corresponding 
conditional distribution 


Z = g(X)
<latexit sha1_base64="WNAGlKi5mgG9wH/AS5ntWVjo4lI="></latexit>

h, h0
<latexit sha1_base64="xISXqwQFuuuLSgBlvt5aQTJPYhM="></latexit>



Fairness vs Utility

13

Minimax optimization formulation:


In practice, the loss function         is often chosen as the cross-
entropy loss


min
h,g

max
h0

"Y (h � g)� � · "A(h0 � g)
<latexit sha1_base64="H7AIbK02U3FAf7C5qWraog0x3TI="></latexit>

"(·)
<latexit sha1_base64="wfsbkGw1gQKWQRqM70WBZfagMxQ="></latexit>

- Shared representations 
Z = g(X)
<latexit sha1_base64="WNAGlKi5mgG9wH/AS5ntWVjo4lI="></latexit>

- For any fixed , the optimal  is given by the corresponding 
conditional distribution 


Z = g(X)
<latexit sha1_base64="WNAGlKi5mgG9wH/AS5ntWVjo4lI="></latexit>

h, h0
<latexit sha1_base64="xISXqwQFuuuLSgBlvt5aQTJPYhM="></latexit>

h(Z) = Pr(Y = 1 | Z); h0(Z) = Pr(A = 1 | Z)
<latexit sha1_base64="ffjgWqh7PS9amWa3O1CCL6rtre8="></latexit>



Fairness vs Utility

14

Simplified optimization:


Clearly, the optimal solution depends on the “coupling” between :
A, Y
<latexit sha1_base64="vtYFLHJBIXCN+NmviWH+F7+7iTc="></latexit>

min
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Inherent Tradeoffs in Learning Fair Representations, Zhao et al., NeurIPS’19
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Theorem: If  satisfies statistical parity, then 
bY = (h � g)(X)
<latexit sha1_base64="2EoYhyDjgX2yAPNdJ3g+Ia44qmE="></latexit>

Inherent Tradeoffs in Learning Fair Representations, Zhao et al., NeurIPS’19
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Theorem: If  satisfies statistical parity, then 
bY = (h � g)(X)
<latexit sha1_base64="2EoYhyDjgX2yAPNdJ3g+Ia44qmE="></latexit>
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Err0(h � g) + Err1(h � g) � �BR
<latexit sha1_base64="Dadvor7gx6ABjnHRlRfc/i5jBgI="></latexit>

-  is the true binary classification error conditioned on group Erra(h � g)
<latexit sha1_base64="xhVHmPIecXDCB9CHpILW/AHPuEU="></latexit>

A = a
<latexit sha1_base64="gbm5xRcW9L1x0ZpNjfUR/r1sDG8="></latexit>

- Recall  measures the difference of 
the base rates

�BR = |Pr(Y = 1 | A = 0)� Pr(Y = 1 | A = 1)|
<latexit sha1_base64="Tx4RJdgYcOLR8psVFhoyNVYqX68="></latexit>

- Interpretation: cannot simultaneously minimize errors on both groups, has to 
sacrifice accuracy on one of the (minority) group if we enforce statistical parity

- If , then , meaning A = Y
<latexit sha1_base64="ejDCppcPqOU52HkOQlXq0Bq7SCQ="></latexit>

�BR = 1
<latexit sha1_base64="ba3bkGsJ6FEaAlaECmN7R5b1Cco="></latexit>

max{Err0(h � g),Err1(h � g)} � 0.5
<latexit sha1_base64="4uJRvhJCvG0CMcox72iguBHDYTg="></latexit>

- If , then , lower bound gracefully degrades to 0, i.e., no 
constraint on utility
A ? Y

<latexit sha1_base64="q63ww/fHjX/Dy8D4b/uAjGtHk4o="></latexit>

�BR = 0
<latexit sha1_base64="omb+TMCUuUrN81k8F2E6ZhoXjss="></latexit>
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Approximate version exists as well, consider:


Then the following lower bounds hold:


where 


is an approximate version of statistical parity (demographic parity)


Inherent Tradeoffs in Learning Fair Representations, Zhao et al., NeurIPS’19

X
g�! Z

h�! Ŷ
<latexit sha1_base64="jPZmvWu31gXEHv19NR427Bm/VUk="></latexit>

Err0(h � g) + Err1(h � g) � �BR ��DP(bY )
<latexit sha1_base64="Tcjc3Gst3BuonzhU/QAt4L70t6s="></latexit>

�DP(bY ) =
���Pr(bY = 1 | A = 0)� Pr(bY = 1 | A = 1)

���
<latexit sha1_base64="beRZg++nEnYxKiU/OcKo4QPENzc="></latexit>
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Approximate version exists as well, consider:


Define f-divergence between distribution  and :


where  and is convex


P
<latexit sha1_base64="QNADrDUmvbdET6wwDIZIAfFB9kQ="></latexit>

Q
<latexit sha1_base64="f3pOIPcJ1xlwncf3oI7rdkcypn8="></latexit>

f(1) = 0
<latexit sha1_base64="QLEgW6PzvfraxQ2xAdtz/+hrEIE="></latexit>
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X
g�! Z

h�! Ŷ
<latexit sha1_base64="jPZmvWu31gXEHv19NR427Bm/VUk="></latexit>

Df (P || Q) = EQ


f

✓
dP
dQ

◆�

<latexit sha1_base64="OBbCSwt8V+Jknf3MvbyMlMQaFjY="></latexit>
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X
g�! Z

h�! Ŷ
<latexit sha1_base64="jPZmvWu31gXEHv19NR427Bm/VUk="></latexit>

Df (P || Q) = EQ


f

✓
dP
dQ

◆�

<latexit sha1_base64="OBbCSwt8V+Jknf3MvbyMlMQaFjY="></latexit>
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Approximate version exists as well, consider:


We can also measure the tradeoff in terms of invariant representations:

(Informal) If  and  are sufficient close to each other, then:

Total variation lower bound: 


Jensen-Shannon lower bound: 


Hellinger lower bound: 


g]D0
<latexit sha1_base64="EKMSnI3MmdiEb59jpJJVlDOM/tQ="></latexit>

g]D1
<latexit sha1_base64="4OTH3EhSaZEsesh7Z8rgyRnkhU4="></latexit>
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X
g�! Z

h�! Ŷ
<latexit sha1_base64="jPZmvWu31gXEHv19NR427Bm/VUk="></latexit>

Err0(h � g) + Err1(h � g) � dTV (D0(Y ),D1(Y ))� dTV (g#D0, g#D1)
<latexit sha1_base64="kvcrW6lA8pRD44foCRWuZs8M48A="></latexit>

Err0(h � g) + Err1(h � g) � (dJS (D0(Y ),D1(Y ))� dJS (g#D0, g#D1))
2 /2

<latexit sha1_base64="pjhdy6RogsmlH202Z3dFgc4anew="></latexit>

Err0(h � g) + Err1(h � g) � (H (D0(Y ),D1(Y ))�H (g]D0, g]D1))
2
/2

<latexit sha1_base64="ivVbFbUpaTq2SDVO+byT4pn/uZU="></latexit>
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X
g�! Z

h�! Ŷ
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Err0(h � g) + Err1(h � g) � dTV (D0(Y ),D1(Y ))� dTV (g#D0, g#D1)
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Err0(h � g) + Err1(h � g) � (dJS (D0(Y ),D1(Y ))� dJS (g#D0, g#D1))
2 /2

<latexit sha1_base64="pjhdy6RogsmlH202Z3dFgc4anew="></latexit>

The more invariant the representations, the worse the joint error
Err0(h � g) + Err1(h � g) � (H (D0(Y ),D1(Y ))�H (g]D0, g]D1))

2
/2

<latexit sha1_base64="ivVbFbUpaTq2SDVO+byT4pn/uZU="></latexit>
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Income Prediction: Adult dataset

- Train/Test: 30,162/15,060 adults information collected in a 

1994 census

- Target variable:            iff annual income > 50K

- Sensitive variable:               = Male/Female

- Other attributes: age, education, etc.


- Base rates are different across groups: 


- Imbalanced marginal distribution:


20

Y = 1
<latexit sha1_base64="MRbaxNxDcOlqYba95yJDphFY1Ow="></latexit>

A = 0/1
<latexit sha1_base64="fKtcQwWbe33GH8b2iZqcJrgIepc="></latexit>

Pr(Y = 1 | A = 0) = 0.310
<latexit sha1_base64="BhbnKVvOC6qMGOmCzNQyHVvOl5w="></latexit>

Pr(Y = 1 | A = 1) = 0.113
<latexit sha1_base64="DSTYtEc72fX/PYQ9ZfFjPRuXFiY="></latexit>

Pr(A = 0) = 0.673
<latexit sha1_base64="0RxGTkCLYGIBzjhv3iq51Zhm8Zo="></latexit>
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