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Q: How to effectively regularize neural 
networks given few available training data?

h ∈ ℝp with output  ̂y ∈ ℝ for regression 
̂y = a⊤h, h = g(Wx), W ∈ ℝp×d

Loss function
ℓ(W, a) =

1
2

( ̂y − y)2

Update for weight matrixW
W ← W − γ( ̂y − y)(a ∘ h′�)x⊤

: component-wise derivative ofh′� h w.r.t. its input
( ̂y − y)(a ∘ h′�)x⊤: gradient is always rank-1

rows/columns of W are correlated! →

A: Update each row/column by taking information  
from other rows/columns into consideration!

Two-layer Neural Network

W ∼ ℳ𝒩(0p×d, Σr, Σc)
Σr ∈ 𝕊p

++, Σc ∈ 𝕊d
++ : row and column covariance matrices

̂Σr, ̂Σc = arg max
Σr,Σc

p(𝒟 |Σr, Σc) = arg max
Σr,Σc

∫ p(𝒟 |W) p(W |Σr, Σc) dW

p(W |Σr, Σc) =
exp( − Tr(Σ−1

r WΣ−1
c W⊤)/2)

(2π)pd/2det(Σr)d/2det(Σc)p/2

Prior of Parameters
Multivariate Normal Distribution

Determine the Parameters in the Prior
1) Empirical Bayes: estimate the parameters of the prior from data

Intractable.
2) Iterative maximization of the joint distribution: sequence of MAP

W(t+1) = arg max
W

log p(𝒟 |W) + log p(W |Σ(t)
r , Σ(t)

c )

Σ(t+1)
r = arg max

Σr

log p(𝒟 |W(t+1)) + log p(W(t+1) |Σr, Σ(t)
c )

Σ(t+1)
c = arg max

Σc

log p(𝒟 |W(t+1)) + log p(W(t+1) |Σ(t+1)
r , Σc)

Approximate empirical Bayes and tractable.

Optimization
min
W,a

min
⌦r,⌦c

1

2n

X

i2[n]

(ŷ(xi;W,a)� yi)
2 + �||⌦1/2

r W⌦1/2
c ||2F � �

�
d log det(⌦r) + p log det(⌦c)

�

subject to uIp � ⌦r � vIp, uId � ⌦c � vId
<latexit sha1_base64="efN9CQP2zibhOui91CjtUzwg8NM="></latexit>

Ωr := Σ−1
r , Ωc := Σ−1

c : precision matrices
∥Ω1/2

r WΩ1/2
c ∥2

F = ∥(Ω1/2
r ⊗ Ω1/2

c )vec(W)∥2
2

preconditioned matrix 

ΩrSolving

0 2 @

✓
1

d
Tr(⌦rW⌦cW

T )� log det(⌦r) + IC(⌦r)

◆
= W⌦cW

T /d� ⌦�1
r +NC(⌦r)

<latexit sha1_base64="Ue9g0E5iTRMt4sX51DJZfrgVKc0="></latexit>

W⌦cW
T /d� ⌦�1

r 2 NC(⌦
�1
r )

<latexit sha1_base64="TlrqV5Uk4eWYFaTqYCYGYleIAwM="></latexit>

C := {A 2 Sp++ | uIp � A � vIp}
<latexit sha1_base64="2kXY2aOtT325DixfBQ243M1PZ3Q="></latexit>

Optimal Ω−1
r is the Euclidean projection of WΩcW⊤/d onto

min
⌦r

Tr(⌦rW⌦cW
T )� d log det(⌦r) + IC(⌦r)

<latexit sha1_base64="lRKJ7aSdOiD/NO/jNNpesr1LkOE="></latexit>

with C := {A 2 Sp++ | uIp � A � vIp}
<latexit sha1_base64="2kXY2aOtT325DixfBQ243M1PZ3Q="></latexit>

T[u,v](x) := max{u,min{v, x}}
<latexit sha1_base64="ijiExb4GF+9dH7z5X6TEaHB/t44="></latexit>
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thresholding operator

• AdaReg: an approximate empirical Bayes 
method for regularizing NN training on small 
datasets


• Learn the preconditioning matrix adaptively 
from the data


• Significant improvement in terms of spectral 
norm and stable rank, leading to smaller 
generalization error

MNIST

Batch size = 256 Batch size = 2048 Batch size = 256 Batch size = 2048

Experiments
AdaReg optimization trajectory on MNIST (train size/batch size)

600/256 6000/20486000/256600/600

MNIST

Stable Rank and Spectral Norm for Generalization Error 
(Neyshabur et al. ICLR’17)

srank(W ) := ||W ||2F /||W ||22
<latexit sha1_base64="sqHXDmPUtsjh5xtbRCY/2W+xCyE="></latexit>

1  srank(W )  rank(W )
<latexit sha1_base64="+6RVU/TSAn78aBiwDq/s7veoMPw="></latexit>

Generalization Error = O

 vuut
LY

j=1

||Wj ||22
LX

j=1

srank(Wj)/n

!

<latexit sha1_base64="nzPs7H3xSM/lFs/jD8+AyAQjtcc="></latexit>
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