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Overview

Q: How to effectively regularize neural
networks given few available training data?

e AdaReg: an approximate empirical Bayes
method for regularizing NN training on small
datasets

e | earn the preconditioning matrix adaptively
from the data

e Significant improvement in terms of spectral
norm and stable rank, leading to smaller
generalization error

Motivation

Two-layer Neural Network

Column Covariance Matrix

Input Hidden Output '" c Sd
Lay Layer Layer u ) 4
Input #1 . /?/ \ SnTeRgnTeReNTERANA ARSI TES
2,. — Output Task 1
Input #2 — 4 W
g‘ — Output Task 2
Input #3 — \, %
3‘ —+ Output Task 3
Input #4 — \§ /
W e RPXd ™ mgr
6 . .. ’°'°€ Sp
: B |- ++
......... ml

5555555555

Row Covariance Matrix

Hidden layer h € R” with output y € R for regression
$=a'h,h = g(Wx), W € RP*4

Loss function ,
C(W,a) = 5@ —y)*

Update for weight matrix W
WeW-y@-y(@h)x'

h’: component-wise derivative of hw.r.t. its input
(9 — y)(a-h)x': gradient is always rank-1
— rows/columns of W are correlated!

A: Update each row/column by taking information
from other rows/columns into consideration!

Prior of Parameters

Multivariate Normal Distribution

W i %‘/’/(Ode’ 27" ZC)

¥, €Sh_,%. €S%. : row and column covariance matrices

exp( — Tr(Z WX

;1WT)/2)

pW|Z, %)=

(2r)pdl2det(X, )4 2det(Z . )P/2

Determine the Parameters in the Prior

1) Empirical Bayes: estimate the parameters of the prior from data

Y,%. =argmaxp(P |, %) = arg max JP(EZ I W)p(W|Z,,Z)dW
Zr?zc szc
Intractable.

2) lterative maximization of the joint distribution: sequence of MAP

WD = arg max log p(2 | W) + log p(W|Z(, =)

W
fo“) = arg max log p(Z | WD)

- log p(WHD 2 )
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r

>t = arg max log p(Z | WD) 4+ log p(WEHD | 2D 3 )
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Approximate empirical Bayes and tractable.
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Optimization

> ((xi Woa) — y:)® + NP W25 — A(dlog det(£2,) + plog det(€2.))

\preconditioned matrix

subject to wul, 2 Q. 2 vl,, ulg X Q. vy HQ}/ZWQg/ZH% — H(Q}/z R Qg/z)VGC(W)H%

Q :=>"1,Q.:=3"": precision matrices

Solving Q.
min  Tr(QWQW") — dlogdet(,) + Ic(Q) with ¢:={4 €St |ul, < A< vl,}

Q,

1

E Tr(QWQWT) — log det(9,) + I[C(Qr)> = WQW" /d— Q7 + Ne(Q) = WO W /d— Q71 € Ne(Q7)

— Optimal Q;'is the Euclidean projection of WQ W'/d onto C

Algorithm 1 Block Coordinate Descent for Adaptive Regularization

1: fort =1,...,00 until convergence do

2:
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Input: Initial value 4)(0) = {a(o), w©) }, ng) S Sﬁ + and Q((;O) S S‘i ., first-order optimization algorithm £,

Fix Qﬁt_l) : fo‘l) , optimize 4)(t) by backpropagation and algorithm I
0 « INvTHRESHOLD (WH Q)

W(t)T, d, u, ’0) Ty, (%) := max{u, min{v, v} }

0O « INvTHRESHOLD(WOTQWI W), p, 1, 0) a9,

. end for

. procedure INVTHRESHOLD(A, m, u, v)

Compute SVD: Qdiag(r)Q! = SVD(A) |

Hard thresholding r' «<— T, ,;(m /)
return Qdiag(r')Q’

10: end procedure
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Experiments

AdaReg optimization trajectory on MNIST (train size/batch size)
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Train Size
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Stable Rank
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Stable Rank and Spectral Norm for Generalization Error

Generalization Error = O (\ H V15 Zsrank(Wj)/n

(Neyshabur et al. ICLR’17)

= stank(W) := [[W][z/|[W][3
1 < srank(W) < rank(W)
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