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Potential Bias of Data in High-stakes Domains



Algorithmic Fairness: Statistical Parity
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Statistical Parity (aka Demographic Parity)

̂Y ⊥ A
- In words: The prediction given by an algorithm shouldn’t take the 

sensitive/protected attribute into account

- Dates back at least to Calders et al. 2009: “Building classifiers with 

independency constraints”



Fairness Through Blindness
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Statistical Parity
Ignorance is bliss?! —  Thomas Gray

<latexit sha1_base64="Ol1UIw6EF1ZVY5USauXsLpmDs9o="></latexit>
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Defendant

https://en.wikipedia.org/wiki/Thomas_Gray


Fairness Through Blindness
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Does this mechanism work?

<latexit sha1_base64="Ol1UIw6EF1ZVY5USauXsLpmDs9o="></latexit>
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Defendant

- No, due to “redundant encoding”

- Other attributes in the inputs could be used to reconstruct the 

deleted sensitive attributes due to the potential correlations 
among them

• Ethnicity vs hair color/last name

• Race vs zipcode
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Example in loan application

Approve/

Decline?

(X,A, Y ) ⇠ D

<latexit sha1_base64="EqVvYq1wxwUPQUmiQanEP3l7Bzk="></latexit>

Input vector Sensitive attribute

Target variablef

<latexit sha1_base64="uARWhsR7ljulYDkHgtu9M8lqOVA="></latexit>

Ŷ = f(X)

<latexit sha1_base64="L09d25885NomzZjP5c2lnrRi7/s="></latexit>
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<latexit sha1_base64="Oq0xodd6gR355pAJRWSiNxyEO68="></latexit>

Statistical parity: Ŷ ? A

<latexit sha1_base64="B+L77iqRnNlCKTuNvRrQ5rbfr6E="></latexit>

Statistical parity: any fair algorithm cannot take information 
related to sensitive attribute during decision making

Algorithmic Fairness: Statistical Parity
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Pre-processing Methods: Feature Learning

Algorithmic Fairness: Statistical Parity

Fair 
Representations

Male or Female ?

[Zemel et al. ICML13]

[Edwards et al. ICLR 15]

[Madras et al. ICML 18]

[Zhao et al. ICLR 20]

- Needs full access to 

- In practice: minimax optimization can be unstable and hard for 

neural networks

(X, A, Y )
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Fair Representations

Male or Female ?

[Zemel et al. ICML13]

[Edwards et al. ICLR 15]

[Madras et al. ICML 18]

Adversarial Training
Algorithmic Fairness: Statistical Parity
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In-processing Methods: Constrained Optimization

Algorithmic Fairness: Statistical Parity

- Needs full access to 

- Need to design dedicated optimization solvers for each different 

model 

- We may not be able to train the model from scratch due to limited 

computational resources, e.g., LLMs

(X, A, Y )

fθ( ⋅ )

min
θ

𝔼[ℓ( fθ(x), y)]

subject to | Pr( fθ(x) = 1 ∣ A = 0) − Pr( fθ(x) = 1 ∣ A = 1) | ≤ ϵ

error minimization constraint of approximate statistical parity
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Post-processing Methods: 

Algorithmic Fairness: Statistical Parity

- No need to have full access to 

- The given classifier  can be treated as a black-box

- No need to re-train the model from scratch

(X, A, Y )
f( ⋅ )

Approve/

Decline?

Ŷ = f(X)

<latexit sha1_base64="L09d25885NomzZjP5c2lnrRi7/s="></latexit>
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Ỹ = 𝒜( f(X), A)
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Fairness-Accuracy Tradeof
Before we talk about the algorithm:
- Is there any price we have to pay for fairness? If yes, what’s the 

price (in terms of accuracy)?

- Is it possible to derive an algorithm that achieves the optimal 

accuracy under the constraint of fairness (statistical parity)?
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Statistical parity: enforcing statistical independence, will this lead to 
loss of accuracy?

Consider some extremal cases:

- What if  in the underlying distribution?

- What if  in the underlying distribution?

<latexit sha1_base64="a+ymAN5XIX/7ZVg3U/7lwVIyHWw="></latexit>

Y ? A
<latexit sha1_base64="XKHZP+np6XEYQHhrQrVhpGsgtb0="></latexit>

Y = A

There should be a term that quantifies the dependency of these two 

random variables!

The tradeoff result should be inherent:

- Does not depend on the specific algorithm used to achieve 

statistical parity

- Does not depend on the computational resources available to the 

algorithm

- Does not depend on the sample size for training the predictor

Fairness-Accuracy Tradeof
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Fairness-Accuracy Tradeof

Difference of base rates: 
�BR := |Pr(Y = 1 | A = 0)� Pr(Y = 1 | A = 1)|

<latexit sha1_base64="jZembwd/LcU4qmOxMKrPtIrswZQ="></latexit>

Theorem [ZG, NeurIPS 19]: For any fair algorithm                   (in the sense of 
statistical parity), the following inequality holds:

bY = h(X)

<latexit sha1_base64="xgknzEQhKWYeq77NxiDvFTuniv8="></latexit>

"A=0(h) + "A=1(h) � �BR

<latexit sha1_base64="WDz9eYTf6MS/ORyb2lROhm4PS/o="></latexit>

Key Message: when the base rates differ, any fair algorithm has 
to make a large error on at least one of the groups

0/1 error on Group 0 0/1 error on Group 1

Statistical parity: Ŷ ? A

<latexit sha1_base64="B+L77iqRnNlCKTuNvRrQ5rbfr6E="></latexit>

(Improper) Analogy: a kind of uncertainty principle for fairness Δp ⋅ Δx ≥
ℏ
2
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Difference of base rates: 
�BR := |Pr(Y = 1 | A = 0)� Pr(Y = 1 | A = 1)|

<latexit sha1_base64="jZembwd/LcU4qmOxMKrPtIrswZQ="></latexit>

Theorem [ZG, NeurIPS 19]: For any fair algorithm                   (in the sense of 
statistical parity), the following inequality holds:

bY = h(X)

<latexit sha1_base64="xgknzEQhKWYeq77NxiDvFTuniv8="></latexit>

"A=0(h) + "A=1(h) � �BR

<latexit sha1_base64="WDz9eYTf6MS/ORyb2lROhm4PS/o="></latexit>

- If , then                  , meaning A = Y

<latexit sha1_base64="BgSYzQ0+p0phfvwBeiiZB5WwQdE="></latexit>

�BR = 1

<latexit sha1_base64="MwxZVn5FwETtkJn+1Ex9MFM8/+s="></latexit>

max{"A=0(h), "A=1(h)} � 0.5

<latexit sha1_base64="jijchQYFBIwYwVslRiXJY4cB4Ao="></latexit>

- If , then                  , meaning no tension with utilityA ? Y

<latexit sha1_base64="j8BS5B/ANXoZm9q7nQLQltE0YgA="></latexit>

�BR = 0

<latexit sha1_base64="uXv4tx0aYutai0zl9BB1AnUFumM="></latexit>

 is a fundamental quantity to characterize 

the coupling between target and sensitive attribute
�BR

<latexit sha1_base64="duMYg4R82iKysYpP741a+C1/+D8="></latexit>

Fairness-Accuracy Tradeof
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Fairness-Accuracy Tradeof
But, why the specific form of this lower bound? Why not the joint error?
- A simple corollary regarding the joint error could be obtained:

ε(h) = Pr(A = 0) ⋅ εA=0(h) + Pr(A = 1) ⋅ εA=1(h)
≥ min{Pr(A = 0), Pr(A = 1)} ⋅ (εA=0(h) + εA=1(h))
≥ H01(A) ⋅ ΔBR

where  is called zero-one entropy of H01(A) := 1 − max
a

Pr(A = a) A

Peter D Grünwald, A Philip Dawid, et al. Game theory, maximum entropy, minimum discrepancy and robust bayesian 
decision theory. Annals of statistics’ 04

- Any lower bound for the joint error has to depend on the marginal 
distribution of the sensitive attribute , which could bias towards the 
majority group

✓ Instead, the lower bound in Theorem 1 treats both errors equally

✓ In cases where the ratio between two groups is extremely 

imbalanced, the lower bound for the joint error could be 0, i.e., no 
price to pay in terms of the joint error

A
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Proof Sketch
We provide a proof sketch for an attribute-aware classifier:

𝒟0

𝒟1

𝒟Y
0

𝒟Y
1

{

<latexit sha1_base64="h/71ujfAFghkRFMcbVgAo1XfZhc="></latexit>

{

<latexit sha1_base64="ePPMrLeJEp/1/XJqkLX59WntaJI="></latexit>

εA=0(h ∘ g0)

εA=1(h ∘ g1)

: input distributions over group 𝒟a A = a

: predicted label distributions over group 𝒟 ̂Y
a A = a

: ground-truth label distributions over group 𝒟Y
a A = a

h(x,0)

h(x,1)

P(𝒳)

𝒟 ̂Y
0

𝒟 ̂Y
1

P(𝒴)



17

Is it possible to construct a classifier that verifies the lower bound?


An Optimal Fair Classifier via Post-Processing

- Can confirm the tightness of the inequality

- Can design optimal classifiers on the fairness-accuracy frontier

Why should we care about this question?

[Why?] However, this problem cannot be easier than learning 

the Bayes classifier without fairness constraint
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- Assume we have oracle access to the problem of learning optimal 
fair classifier


- Use this oracle access to learn the Bayes optimal classifier


This problem cannot be easier than learning the Bayes classifier

<latexit sha1_base64="NFTJ8vqgqO02t9Akq4iLY1dYywk="></latexit>X ⇥ Y
<latexit sha1_base64="atjolN4BLFG2M2iez3G73HAq2QI="></latexit>

µ0Let be a distribution over 
Problem A:

. We want to learn 
<latexit sha1_base64="IaK8IgZ62vVKq8sFgPBDkLSpvRg="></latexit>

h0(·)
the Bayes optimal classifier over 

,
<latexit sha1_base64="atjolN4BLFG2M2iez3G73HAq2QI="></latexit>

µ0

Let be a distribution over                      . We want to learn           ,
Problem B:

the optimal fair classifier over   

<latexit sha1_base64="v8oGXHpEj5wbHp/jCLsw9CQXL9E="></latexit>µ
<latexit sha1_base64="2ZmPSEzVigR/jnr0/LhJlJaPN4Y="></latexit>

X ⇥A⇥ Y
<latexit sha1_base64="mMAgzLVAKS2Dpm/NnqPGnR4uAeY="></latexit>

h(·, ·)
<latexit sha1_base64="v8oGXHpEj5wbHp/jCLsw9CQXL9E="></latexit>µ

To show that Problem A  Problem B, suppose we have an algorithm

to solve Problem B, we could use that algorithm to solve Problem A as

well.

≪

An Optimal Fair Classifier via Post-Processing
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<latexit sha1_base64="NFTJ8vqgqO02t9Akq4iLY1dYywk="></latexit>X ⇥ Y
<latexit sha1_base64="atjolN4BLFG2M2iez3G73HAq2QI="></latexit>

µ0Let be a distribution over 
Problem A:

. We want to learn 
<latexit sha1_base64="IaK8IgZ62vVKq8sFgPBDkLSpvRg="></latexit>

h0(·)
the Bayes optimal classifier over 

,
<latexit sha1_base64="atjolN4BLFG2M2iez3G73HAq2QI="></latexit>

µ0

Let be a distribution over                      . We want to learn           ,
Problem B:

the optimal fair classifier over    such that the lower bound holds 

<latexit sha1_base64="v8oGXHpEj5wbHp/jCLsw9CQXL9E="></latexit>µ
<latexit sha1_base64="2ZmPSEzVigR/jnr0/LhJlJaPN4Y="></latexit>

X ⇥A⇥ Y
<latexit sha1_base64="mMAgzLVAKS2Dpm/NnqPGnR4uAeY="></latexit>

h(·, ·)
<latexit sha1_base64="v8oGXHpEj5wbHp/jCLsw9CQXL9E="></latexit>µ

Reduction:
Problem BProblem A

<latexit sha1_base64="atjolN4BLFG2M2iez3G73HAq2QI="></latexit>

µ0 <latexit sha1_base64="e2UZZ+HEOwxdwaUkaCfGGFVYbRs="></latexit>

µA=0 = µA=1 = µ0

<latexit sha1_base64="FwyIWtsMnYlYLNxg/lWWnunrknk="></latexit>

h(·, 0) = h(·, 1) = h0(·)

<latexit sha1_base64="mMAgzLVAKS2Dpm/NnqPGnR4uAeY="></latexit>

h(·, ·) satisfies statistical parity

An Optimal Fair Classifier via Post-Processing

[Zhao et al., JMLR’ 22b]
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An Optimal Fair Classifier via Post-Processing
Bad news: We know that learning the Bayes optimal classifier is 
computationally hard in general, even for simple function classes 
like linear predictors
Instead, what we can aim for is:

Given oracle access to Bayes classifiers, could we construct an 
algorithm to learn the optimal fair classifier?

[Zhao et al., JMLR’ 22b]
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An Optimal Fair Classifier via Post-Processing
A constructive algorithm for the optimal fair classifier:

- It is a randomized classifier

- The classifier needs to have explicit access to the sensitive attribute

[Zhao et al., JMLR’ 22b]
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An Optimal Fair Classifier via Post-Processing

[Zhao et al., JMLR’ 22b]

Theorem (noiseless): For any distribution  over  such that 
 and , the classifier  constructed by the 

algorithm satisfies statistical parity and is optimal, i.e., 

μ (X, A, Y )
YA=0 = h*0 (X) YA=1 = h*1 (X) h*Fair

<latexit sha1_base64="ySBmz0W9bg6VXiKERkr98cUCaZA="></latexit>

"A=0(h
⇤
Fair) + "A=1(h

⇤
Fair) = �BR

Note:

- This theorem assumes 0 Bayes errors, so  is purely due to the 

fairness constraint

- It shows that learning fair classifier is not much harder than learning 

the group-wise Bayes classifiers

<latexit sha1_base64="N9S7BhcM4MNL2HEsAWtbshDcVSs="></latexit>

�BR
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An Optimal Fair Classifier via Post-Processing

[Zhao et al., JMLR’ 22b]

Extension to multi-groups under noiseless multi-class classification:

- Let  be the number of classes and  be the number of groups


- Let  be the standard  dimensional probability simplex


- Let  be the marginal label distribution of  from group 

m ≥ 2 n ≥ 2
Δm m − 1
pi ∈ Δm Y i ∈ [n]

Let  be the optimal value of the above barycenter problem 
under the Total Variation (TV) distance, then, 

OPT ({pi}m
i=1)

n

∑
a=1

εA=a(h) ≥ OPT ({pi}n
i=1)
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An Optimal Fair Classifier via Post-Processing

[Zhao et al., JMLR’ 22b]

Let  be the optimal value of the above barycenter problem 
under the Total Variation (TV) distance, then, 

OPT ({pi}m
i=1)

n

∑
a=1

εA=a(h) ≥ OPT ({pi}n
i=1)

- We no longer have analytical lower bound but the optimal value can be 
computed efficiently via a linear program


- When , the OPT has a closed form via , which is essentially the TV 
distance between  and 


- An extended version of the post-processing algorithm still works, by properly 
choosing the randomization configuration

n = 2 ΔBR
p0 p1

(1, 0, 0) (0, 1, 0)

(0, 0, 1)

q⇤

p1

p2

p3

p4

p5
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An Optimal Fair Classifier via Post-Processing

[Xian et al., ICML’ 23]

What about multi-groups but noisy multi-class classification?

- Let  be the number of classes and  be the number of groups


- Let  be the standard  dimensional probability simplex


- Let  be the Bayes score function of group , i.e.,  with 

m ≥ 2 n ≥ 2
Δm m − 1
fi ∈ Δ|𝒳|

m i ∈ [n] fi(x) ∈ Δm
fi(x)( j) = Pr(Y = j ∣ X = x, A = i)

Price of fairness:
(Wasserstein-Barycenter):

min
q

1
2

n

∑
i=1

W1 (fi♯μX
i , q)

subjectto q ∈ Δm

Note:  is the push-forward distribution over  given by the mapping  acting 
on the marginal distribution of , i.e., .  is the 1-Wasserstein distance 
under the  metric

fi♯μX
i Δm fi

X μX
i W1( ⋅ , ⋅ )

ℓ1
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An Optimal Fair Classifier via Post-Processing

[Xian et al., ICML’ 23]

Price of fairness: (Wasserstein-Barycenter):

min
q

1
2

n

∑
i=1

W1 (fi♯μX
i , q)

subjectto q ∈ Δm

e1

e2

e3

q(e1)
q(e3)

q(e2)
r

Note: our algorithm also allows a relaxation of the exact fairness as well

A two-step procedure:

1. Find the barycenter under the  metric 

2. Find the (randomized) transportation map to the barycenter as the post-

processing map

W1
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Experiments

[Xian et al., ICML’ 23]

- FairProjection (Calmon et al. NeurIPS’22) is another post-processing method for 
fairness under the same setting


- FairProjection-KL works by minimizing the KL distance

- FairProjection-CE works by minimizing the reverse-KL distance 

- Top-left points should be preferred (Pareto-optimal)
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Summary
Inherent tradeoffs by enforcing statistical parity under different 
settings:


[Chzhen et al. NeurIPS’ 20]:

[Zhao et al. JMLR’ 22]:

[Xian et al. ICML’ 23]:

- Attribute-aware post-processing is sufficient to achieve the optimal fair 
prediction, under both regression and classification settings


- Randomization is a powerful tool to enable the construction of the 
optimal fair predictor


- The prices of fairness are characterized by the barycenter problems 
under different metrics
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Thanks

Q & A

Ruicheng Xian

Code: https://github.com/rxian/fair-classification

Papers:

1. Inherent Tradeoffs in Learning Fair Representations, JMLR’ 22b

2. Fundamental Limits and Tradeoffs in Invariant Representation Learning, JMLR’ 22a

3. Fair and Optimal Classification via Post-Processing, ICML’ 23

https://github.com/rxian/fair-classification
https://jmlr.org/papers/v23/21-1427.html
https://jmlr.org/papers/v23/21-1078.html
https://arxiv.org/abs/2211.01528

